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Holography

Equivalence between certain quantum 
gauge theories in d dimensions and quantum

gravity in higher dimensions (>d)

Also called AdS/CFT correspondence 
or gauge/gravity duality



Moral

Everything that can happen on the gravity 
side happens in gauge theory.

Complete equivalence:

Expressed in different variables.



Questions about gravity

• If gravity is emergent, what is geometry? (How do we 
decode the hologram?)

•How does the Black Hole information paradox get resolved 
in detail?

•How fast does information scramble in black holes ?(Fast 
scrambling conjecture of Sekino and Susskind)

• Is there an enhanced conformal symmetry near black hole 
horizons? (Why can we apply Cardy’s formula to compute 
black hole entropy?)



Black hole life cartoon.



Black hole life cartoon.

Need to reproduce history of  
formation and evaporation of  
black hole on dual: requires 

studying time dependence of  
physics for a long time.



Searching for a tractable model

• Real time strongly coupled QFT is essentially impossible to simulate.

• We can try looking for weakly coupled real time QFT: still impossible to 
simulate (black holes are thermal, so we need multi-body quantum physics to 
study thermalization, not just 2-2 scattering).

• Classical field theory suffers from the UV catastrophe, so it always needs 
quantum physics unless there are only finitely many degrees of freedom.

• Idea (compromise): study classical dynamics of gauge theories in 0+1 
dimensions. These are gauged multi-matrix models. Hope that we can 
connect the dots.



Plan for rest of talk

• Two matrix models with known holographic duals.

• Picking initial conditions and evolving: linear and non-linear regime.

• Observables: eigenvalues and traces.

• Tests of thermalization.

• Visualizing geometry.

• Emergent conformal symmetry?



BFSS matrix model

SBFSS =
1

2g2

⇤
dt

�
(DtX

I)2 +
1
2
[XI , XJ ]2

⇥
+ fermions

Banks, Fischler, Shenker, Susskind ‘96

 Dimensional reduction of U(N) SYM in d=9+1 to 0+1 

There are 9 dynamical matrices and one 
matrix constraint.



Moduli space

Vacua are commuting matrices

[XI , XJ ] = 0

Up to gauge transformations the matrices
are diagonal: eigenvalues are positions of

D0-branes.

Produces an R9

For each D0 brane



• There is an effective metric: off diagonal modes have a mass that measures 
the euclidean distance in 9 flat dimensions.

• When D0 branes are far, off-diagonal modes are integrated out (high cost in 
energy).  When they are near each other they can become active.

• The model describes the DLCQ quantization of M-theory in flat space. The 
discrete momentum is the rank of the matrices.

• Technicality: there are bound states at threshold of n D0 branes. These are 
interpreted as a single graviton of momentum n. (Wave functions unknown)
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Near Horizon of D0 branes

ds2 = H�1/2(r)(dx2
||) +H1/2(r)(dr2 + r2d⌦2

8�p)

Effective curvature goes to zero as  r goes to zero for 
p<3: gravity describes well IR, 

grows when r gets bigger - stringy UV.

Z r0

0
H1/4(r)dr = 1

There is an infinitely long throat for p <= 3



Low energy thermal described by a Black hole 
(deconfined IR):

can compute specific heat from gravity.

High T regime should be a stringy black hole -
best described by D-brane dynamics (Horowitz-

Polchinski in reverse).

Classical simulations may describe 
a stringy black hole.



Monte-Carlo: can get equation of state

Catterall-Wiseman 
arXiv:0803.4273 

Agnastopoulos, Hanada, 
Nishimura,Takeuchi

arXiv:0707.4454 [hep-th]

http://arxiv.org/abs/0803.4273
http://arxiv.org/abs/0803.4273
http://arxiv.org/abs/0707.4454
http://arxiv.org/abs/0707.4454


BMN model (B w/ Maldacena + Nastase ‘02)

• Mass deformation of BFSS

• Describes DLCQ on a plane wave rather than flat space (has flux)

• No moduli space, but preserve number of susy: solutions don’t disperse to 
infinity (guarantees existence of thermodynamic ensemble: good for 
numerics, problem for BFSS)

• Absence of moduli space indicates gravitational potential on plane wave.

• Arises from SU(2) invariant compactification of N=4 SYM on a three sphere. 
(Kim, Klose, Plefka).



SBMN = SBFSS �
1

2g2

⇤
dt

�
µ2(Xi)2 +

µ2

4
(Y a)2 + 2µi �⌃jkX⌃XjXk

⇥

+fermions

Split 9X into 3 X +6 Y

BMN model deformation

2. The BMN matrix model

The BMN matrix model [12] is a massive deformation of the BFSS matrix model
[8]. The latter is obtained from the dimensional reduction of ten-dimensional N = 1
super Yang-Mills down to 0 + 1 dimensions and has an action given by

SBFSS =
1

2g2

⌥
dt tr

⇧
(DtX

I)2 +
1

2
[XI , XJ ]2

⌃
+ fermions , (2.1)

where XI (I = 1, . . . , 9) are nine hermitian matrices. The covariant time derivative
is given by

DtX
I = ⇧tX

I � i[At, X
I ] (2.2)

and g is a dimensionful coupling constant that can be removed by rescaling the fields
and the time coordinate. It can be set to one, if desired, or factored out of the action
and interpreted as determining �. We will not work in detail with the fermions in
this paper, so we shall just suppress them from now on. The Hamiltonian of this
system (in the At = 0 gauge) is given by

H =
1

2
tr

⇧
g2(�I)2 � 1

2g2
[XI , XJ ]2

⌃
. (2.3)

The BMN matrix model system is a massive deformation of (2.1) that preserves
all 32 supersymmetries. It also preserves a diagonal set of modes that decouple and
constitute a system of free degrees of freedom. These are the ‘center of mass motion’
degrees of freedom in the BFSS matrix model. The BMN matrix model splits the
XI into two groups of variables: X1,2,3, that we will label X i, and X4,...,9, that we
will label Y a. The action includes additional terms given by

SBMN = SBFSS � 1

2g2

⌥
dt tr

⇧
µ2(X i)2 +

µ2

4
(Y a)2 + 2µi �↵jkX

↵XjXk

⌃
. (2.4)

In the conventions above, µ is real and has been rescaled by a factor of 3 with respect
to [12]. It has units of frequency, as XI . The equations of motion following from this
action are

Ẍ i = �µ2X i � 3iµ �ijkXjXk �
⇤⇤
X i, XI

⌅
, XI

⌅
,

Ÿ a = �µ2

4
Y a �

⇤⇤
Y a, XI

⌅
, XI

⌅
. (2.5)

It is convenient for our study to recast the potential for the X i fields in the
following form

V (X)
BMN =

1

2g2
tr
��
i[X2, X3] + µX1

⇥2
+

�
i[X3, X1] + µX2

⇥2
+

�
i[X1, X2] + µX3

⇥2 
.

(2.6)

– 5 –

Can choose units where
µ = 1



For 1x1 matrices the system is free

Describes 9 harmonic oscillators (3X, 6Y) 
with different masses.

Initial conditions also give an R9



This is how we identify the geometry.

Like in BFSS, the trace mode decouples, so we can 
rigidly move objects by exciting these zero modes.



Vacua are characterized by

[Xi, Xj ] = i✏ijkXk

These are SU(2) representations: they are classical
solutions and there is no moduli space.

A single irreducible is called a fuzzy sphere.



A fuzzy sphere can also be interpreted either as 
a graviton or as a spherical M2 brane.

How to look at it depends on the strength of 
interactions.

~



Making (dual) black holes



Picking initial conditions

Work in BMN model where vacua are classical.

For simplicity, take 1 fuzzy sphere + 1 D0 
brane and make them collide. 

This is like colliding 2 gravitons at high energy.

Check for thermalization



Picking initial conditions

Work in BMN model where vacua are classical.

For simplicity, take 1 fuzzy sphere + 1 D0 
brane and make them collide. 

This is like colliding 2 gravitons at high energy.

Check for thermalization
• Remember: black holes are thermal



• Look for thermalization in classical dynamics

• Input Planck’s constant in initial conditions for fluctuating fields (add small 
random perturbations of a known classical initial state) 



Take fuzzy sphere +
a d0 brane and make them collide.



Simplest classical solution

Take direct sums of fuzzy sphere + a single brane in 
motion.

This is an exact classical solution for all times: the 
branes cross each other

in a periodic motion and nothing happens.



When we add perturbations, they can be treated linearly 
for some time.

Modes connecting D0-brane to fuzzy sphere have a
mass that is periodic and time dependent.  

On part of the trajectory some modes are tachyonic:
related to the Nielsen-Olesen instability in QCD



Some modes can grow exponentially very fast.
in t is periodic with period 2�, so the full analysis can be restricted to the interval
t � {0, 2�}. We need to solve the di�erential equation

q̈�(t) + (m±
� (t))

2q(t) = 0 . (5.2)

This is the equation for a harmonic oscillator with time dependent mass. It is
somewhat similar7 to the Mathieu equation that describes parametric resonances and,
in cosmology, the fluctuations of the inflaton around the minimum of the potential
during preheating [18].

In general there are two linearly independent solutions to the equation (5.2),
which we call q1(t) and q2(t). We can relate the initial time problem (at time t) to
the problem at one period later (at time t+ 2�) using a periodicity matrix

�
q1(t+ 2�)
q2(t+ 2�)

⇥
=

�
A B
C D

⇥�
q1(t)
q2(t)

⇥
. (5.3)

This equation can be diagonalized, so we can choose the solutions to be eigenvalues
of the matrix above. The Wronskian of the solution is constant, so the matrix
transforming between one and the other has determinant equal to one. Also, since
the di�erential equation has real coe⌅cients, the solutions can be made real and in
that case the matrix above is real as well. Hence, the eigenvalues are either real or
unitary. These eigenvalues serve as Lyapunov exponents for the classical periodic
orbit. When the eigenvalues are unitary the system is stable, when the eigenvalues
are real the system is unstable.

The system can be interpreted also as a Schrödinger problem with fixed energy
in a periodic potential,8 which is the negative of the (m±

� (t))
2 function. If the solu-

tions are quasi-periodic (the eigenvalues are in the unit circle), one of the functions
is identified with positive frequency and the other one is identified with negative
frequency modes. This is the case where the functions q�(t) belong to a band of the
periodic potential.

Generically, if there are regions where the mode is tachyonic, the corresponding
Schrödinger particle needs to tunnel through the barrier. This phenomenon generi-
cally leads to the property that the eigenvalues of the matrix above are non-unitary,
with the tunneling amplitude characterizing the growth of the signal. We can in
general estimate this using a WKB approximation.

The large eigenvalue tells us how the modes grow around these periodic solutions
and it describes the discrete time dependence of the instability under various oscilla-
tions. The two linearly independent solutions can also be thought of as coe⌅cients of
raising/lowering operators. The matrix computed in this basis is a Bogolubov trans-
formation for each period and the amplitude growth correlates with the amount of
particle creation between oscillations.

7Albeit more complicated and not generically solvable in terms of elementary functions.
8For an elementary treatment see [37].
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Linearized analysis for two spheres colliding
D.B., D. Trancanelli, arxiv:1011.2749

Trick to diagonalize: use angular momentum
symmetry in terms of fuzzy spherical harmonics.
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Linearized analysis for two spheres colliding
D.B., D. Trancanelli, arxiv:1011.2749

where we have defined the shorthands

�± ⌅
�

(⌦±m)(⌦⇤m+ 1)

2
. (4.30)

Of particular interest to us is when m = ⌦ + 1 for �X�
⌃,m (i.e. �+ = 0), and when

m = �⌦ � 1 for �X+
⌃,m (i.e. �� = 0). For these cases there is no mixing with any

other mode and these fields have maximum spin in the 3-direction for fixed ⌦. We
have already argued why these modes are important. Their masses are given by

(⇤�
⌃,⌃+1)

2 = �b+ (b� ⌦� 1)2 ,
(⇤+

⌃,�⌃�1)
2 = b+ (b+ ⌦+ 1)2 . (4.31)

These modes are tachyonic for b = ±(⌦+ 1) on an interval for b of order
⌥
⌦. Notice

that there is a tower of tachyonic modes for each b labeled by ⌦ with a quadratic
dispersion relation. This can be interpreted as a tower of tachyonic modes on a
circle in the presence of some holonomy for a gauge field under which these fields
are charged. Other modes for which m is not maximal in the sense above are not
tachyonic.

From the equation for the masses above we still need to project out the gauge
variations. This is straightforward, but tedious. If we call the projection matrix that
projects onto the gauge degrees of freedom as ⇥⌃m, then 1�⇥⌃m is the projection in
the orthogonal components. The mass matrix we need is then given by

⇤2
⌃m, phys = (1� ⇥⌃m)⇤

2
⌃m(1� ⇥⌃m) (4.32)

The precise expressions are not very illuminating. However, none of the modes that
appear this way are tachyonic, except the ones that we have already discussed.

We can also check that the eigenvalues of the above matrix are ⌦2, (⌦ + 1)2, 0
when we set b = 0 (as originally found in [21]) as a consistency check. For b = 0 the
modes with zero eigenvalue are the gauge zero modes. For b ⌃= 0 these modes seem
to become massive (the determinant is not zero), but as we have argued already, this
is an artifact of the linearization. After all, expanding to second order in these gauge
variations we find that

V (X)
BMN(b, �⇥) ⇧ V (X)

BMN(b) + ⌥bV
(X)
BMN(b)(�⇥

2) + . . . , (4.33)

and the second term only vanishes for b = 0. However, the potential is invariant,
so b must be corrected to second order in gauge fluctuations. This is a non-linear
change of variables. This is why it is better to project on directions orthogonal to
the gauge transformations than trying to sort this second order variation and how it
a⇤ects the metric of the other modes.

It is clear that when we consider the above result, we should organize the modes
according to the following criteria. If the two fuzzy spheres intersect for some b > 0,

– 20 –

b(t) = b̃ sin(t)

Trick to diagonalize: use angular momentum
symmetry in terms of fuzzy spherical harmonics.
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Eigenvalues of matrix determine if stable 
(eigenvalue unitary), or

unstable (eigenvalues real).
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Expectations

Off diagonal modes connecting two fuzzy spheres grow 
exponentially classically. 

Once they get large enough the 
rest of the system back-reacts.

Hopefully one ends up with an
 interesting evolution that thermalizes after that.



Numerics

C. Asplund, D.B., D. Trancanelli    arXiv:1104.5469 
C. Asplund, D.B., E. Dzienkowski, work in progress



Add quantum fluctuation seeds:
generate randomly from gaussian 

distribution normalized to harmonic 
oscillator wave functions.

X0 =
�

L0
n 0
0 0

⇥
, X1 =

�
L1

n �x1

�x†
1 0

⇥
, X2 =

�
L2

n �x2

�x†
2 0

⇥
,

P 0 =
�

0 0
0 v

⇥
, P 1,2 = 0 = Q1,...,6, Y a = �ya.

�x, �y �
�

�/n

Matrices are chosen to satisfy Gauss’ law



Xt+�t = Xt + Pt+ �t
2
�t , Pt+ �t

2
= Pt� �t

2
� @V

@X

���
t
�t

Evolve via Leapfrog algorithm

Good at preserving constraints



Gauge invariant Observables

Take eigenvalues of matrices: 
D-brane like (open string)

Take traces of products of matrices:

Collective degrees of freedom (closed strings)
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Kick single eigenvalue: tachyon still forms for 
short time on crossing sphere

Tachyon has built enough to produce back reaction

Remnant oscillations are from
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Almost full collapse
and bounce

Another axis of sphere 



2000 4000 6000 8000 10 000 12 000
t

0

1

2

3

4

5

6

stdHY2L
stdHY1L
stdHX1L
stdHX0L
Time

Trace of X,Y
decoupled: serves
as physical clock.

Secondary shrinkage is from growth
of Y matrices (grow via parametric resonance)

Standard deviation of
eigenvalues: size.



More recent similar results by

Riggins+ Sahakian, arXiv:1205.3847

Work in BFSS with collapsing (and bouncing) fuzzy 
sphere as set of initial conditions. 



Thermalization



Tests of thermality

H � P 2

2
+ V (X)

Thermal implies time averaged distribution of some 
quantities (momenta) should match the Gibbs 

ensemble.

P(P ) ⇥ exp(��
P 2

2
)

This is the standard gaussian matrix model 
ensemble.



Need to study it with traceless matrices.

The ridges include the finite N exact soln.

Effective temperature is given by second moment.
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N hTr(P 2
0 )i0 hTr(P 2

1 )i0 hTr(P 2
2 )i0 hTr(Q2

1)i0 hTr(Q2
2)i0 hTr(Q2

3)i0 hTr(Q2
4)i0 hTr(Q2

5)i0 hTr(Q2
6)i0

4 23.2± 0.6 23.3± 0.4 23.2± 0.5 21.3± 0.5 21.3± 0.5 21.2± 0.6 21.2± 0.4 21.3± 0.4 21.0± 0.4

11 26.9± 0.3 27.2± 0.2 27.0± 0.3 26.6± 0.2 26.5± 0.3 26.6± 0.2 26.6± 0.3 26.6± 0.2 26.5± 0.2

23 32.2± 0.3 32.2± 0.2 32.1± 0.2 31.9± 0.2 31.9± 0.2 31.9± 0.2 31.9± 0.2 31.9± 0.2 32.0± 0.2

TABLE I. Time average samples of the trace of the square of the traceless momenta for various

N with v = 20.0, ~ = 0.001, and �t = 0.001. For each expectation value, 20 samples were used

but the number of configurations varies with N due to limited hard disk space. The di↵erences

between the values in the disjoint groups of hTr(P 2
i

)i0 and hTr(Q2
a

)i0 are smaller compared to the

di↵erences of the values in the union of these two groups indicating the breaking of the SO(9)

symmetry between the momenta that is present the Hamiltonian.

only has the SO(3)⇥ SO(6) symmetry.

In summary our true Gibbs distribution is the GUE for nine matrices with the constraint

of tracelessness, the gauge constraint, and the total amount of angular momentum set to

zero. Each of these constraints is linear in the momenta and thus we may apply the result

in the appendix to obtain an absolute normalization of the temperature

2X

i=0

hTr(P 2
i

)i0 +
6X

a=1

hTr(Q2
a

)i0 =
✓
9(N2 � 1)� (N2 � 1)� 3 · 2

2
� 6 · 5

2

◆
T = (8N2 � 26)T

(14)

The lowest rank matrix which can exhibit thermalization behavior nontrivially is N = 2 and

so we do not run into an issue of negative temperature (this would indicate that we have

not taken into account relations between the constraints).

The BMN matrix model exhibits chaos and so shrinking the time step does not cause the

numerical solution to converge to a solution of the equations of motion: small di↵erences

grow exponentially for large times. We still expect that each of the trajectories computed

this way would lead to essentially the same ensemble.

Despite the presence of chaos, we would still like to ensure that temperature measurements

are independent of the time step parameters in our numerical implementation, that is �t. In

order to measure the temperature we need to measure hTr(P 2)i0 for all momenta matrices.

We can get a sense in which our measurements are accurate by dividing the configurations

into groups to obtain several sample measurements of hTr(P 2)i0. The expectation value is

independent of the grouping of configurations due to its linearity, but now we can obtain

TeffX 6= TeffY ?
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Despite the presence of chaos, we would still like to ensure that temperature measurements

are independent of the time step parameters in our numerical implementation, that is �t. In

order to measure the temperature we need to measure hTr(P 2)i0 for all momenta matrices.

We can get a sense in which our measurements are accurate by dividing the configurations

into groups to obtain several sample measurements of hTr(P 2)i0. The expectation value is
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TeffX 6= TeffY ?

Need to be careful: there is a constraint.
�([X,PX ] + [Y,QY ])
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are independent of the time step parameters in our numerical implementation, that is �t. In

order to measure the temperature we need to measure hTr(P 2)i0 for all momenta matrices.

We can get a sense in which our measurements are accurate by dividing the configurations

into groups to obtain several sample measurements of hTr(P 2)i0. The expectation value is

independent of the grouping of configurations due to its linearity, but now we can obtain

TeffX 6= TeffY ?

Need to be careful: there is a constraint.
�([X,PX ] + [Y,QY ])

Symmetry breaking of X,Y eom’s   
 symmetry breaking between X, Y, 
symmetry breaking between P, Q



Fast thermalization?

Test via Normalized Autocorrelation functions
⇥Oi(t)O†

i (t + a)⇤

O2 = tr[(X1 + iX2)2]

50 100 150 200 250 300
a

-0.2

0.2

0.4

0.6

0.8

1.



Autocorrelations

Better in Fourier space.

Autocorrelation function is 
Fourier transform of power spectrum

Look at BFSS (classical model with no scale)

⇥Oi(t)O†
i (t + a)⇤=

Z
dwP (w) exp(iwa)



100 200 300 400 500 w
100

200

300

400

500

600

PHwL
L=4

L=3

L=2

Broadband spectrum
indicates chaos.

Chaos in dim. reduction of YM is well known since 80’s 
(Chirikov et al. Mantiyan et al. - In russian) 
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N = 4
N = 7 N = 10
N = 13 N = 18
N = 27

N = 47

100 200 300 400 500 w

0.001

0.1

10

1000

PHwL

FIG. 7. The power spectrum of tr(X1+iX2)2(t) for various sizes of N⇥N matrices in random units

(its Fourier transform is S(a)). Results shown are for the BFSS matrix model after thermalization.

The results are averaged over 15 runs of the same length, taken from splitting a single time series in

15 equal parts. We also average further over 8 rotations of the variables to increase the statistics.

The jiggling in the curves gives a measure of the statistical error bars of the data sets.

small interval around the visual maximum. We then extract the value of ! that corresponds

to the maximum and we scale each axis of frequency to the corresponding !
N

found for each

N . The main systematic error that can be introduced by this procedure is in the choice of

the interval. We show the result in figure 8. It is clear that the data has essentially collapsed

to a single graph.

As shown suggestively in figure 8, the logarithm of the power spectrum seems to have

rather distinct features that are characterized by straight lines. We can numerically compare

the di↵erent values of N to get an idea of how closely the curves match on top of each other

by considering the width of the peak near zero, relative to !
N

. The dimensionless width can

be parametrized by the slope

�
N

= �
✓
d log(P (!)

N

)

d!
!
N

◆�1

(22)

which is evaluated near zero and with a cuto↵ slightly below 0.4!
N

. This way larger �
N

corresponds to a larger width, and smaller �
N

corresponds to a narrower peak. This is a

pure number that can be used to quantify how close di↵erent N are to each other. We show

this in figure 9. As seen in the figure, all values of N > 4 seem to have essentially the same

behavior, and the di↵erences are controlled by the systematics of the fit. This is dominated

by the choice of interval over which we compute the slope. What we see is what is expected

Can compare different N: neither frequency nor
amplitude normalized. Fit to max, and rescale power.
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0.5 1.0 1.5 2.0 2.5 3.0

0.01

0.1

1

10

100

FIG. 8. The power spectrum of tr(X1 + iX2)2(t) for various sizes of N ⇥ N matrices. The axis

of frequency has been rescaled for each N , to the frequency !
N

, and we have also rescaled the

power spectrum. The reference frequency for each N is located at 1 in the graph. Results shown

for N = 7, 10, 47. We also have drawn additional suggestive straight lines superposed on the graph

that serve as distinctive features of the power spectrum.

0 10 20 30 40 50 N

0.05

0.10

0.15

0.20

gN

FIG. 9. �
N

versus N . The error bars indicate systematic errors from choosing the interval where

the straight line is fit, as well as the interval over which the quadratic approximation to find the

value !
N

is made. A fit to a single number has been done ignoring N = 4 which is an outlier by

inspection. All of the di↵erent values of N > 4 align nicely within systematics.

if we are to have a well defined large N limit for time dependent correlation functions. One

can do other similar tests to check that the graphs are very similar and seem to have a large

N limit that includes the dynamics.

A key question is how should we interpret these results? The most natural way to state
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FIG. 9. �
N

versus N . The error bars indicate systematic errors from choosing the interval where

the straight line is fit, as well as the interval over which the quadratic approximation to find the

value !
N

is made. A fit to a single number has been done ignoring N = 4 which is an outlier by

inspection. All of the di↵erent values of N > 4 align nicely within systematics.

if we are to have a well defined large N limit for time dependent correlation functions. One

can do other similar tests to check that the graphs are very similar and seem to have a large

N limit that includes the dynamics.

A key question is how should we interpret these results? The most natural way to state

Notice Log spectrum seems to have an
 absolute value singularity at 0: 

this would imply power
law decays of correlation functions.



Interesting IR

• Power spectrum seems almost singular at zero.

• The log of power spectrum seems to have an absolute value singularity. Such 
singularity would imply polynomial decay of autocorrelation functions for 
asymptotically long times.

• Hydrodynamics: collective degrees of freedom whose time dependent 
autocorrelation functions are N independent. 



Matching to black holes?

• Absolute value singularity can be approximated by square root

|!| '
p
!2 + ✏



Matching to black holes?

• Absolute value singularity can be approximated by square root

|!| '
p
!2 + ✏

Branch cuts in the complex plane?

Can also think as closely packed sequence of poles.

Similar to spectrum of quasi-normal modes for black 
hoels.



Hydro?

28

these results is that the system is behaving like a hydrodynamic system: there are some

large N collective variables whose time dependent characteristics are independent of N up

to some rescalings of the variables and the natural frequency of the dynamics. Indeed, we

just checked the simplest angular momentum mode with L = 2, but we can do the analysis

for tr(ZL) for various L. The plot of the power spectrum for various L can be seen in figure

10. As the reader can see, the patterns observed for low L in figure 6 persist. Notice that

the logarithmic scaling of the power spectrum makes the pattern more regular. To check

200 400 600 800 w

1

1000

106

109

1012

PHwL

FIG. 10. Power spectrum in arbitrary units for O
L

, with L = 2, . . . 10, with values of L increasing

from bottom to top in the graph. For each L we show two such sets. This data is from N = 27.

these details further, we need to address how the di↵erent N approach each other, so that

large N is indeed a thermodynamic, or in our description, a hydrodynamic limit. We will

do this in the next section.

VI. FACTORIZATION

A crucial aspect of large N physics is the concept of factorization. This basically states

that correlators have a large N expansion in powers of 1/N , where the leading power of N

arises from planar diagrams [35], and subleading corrections arise from changing topology

of the Feynman diagrams. For the simplest observables, the leading expectation value of a

product of observables is the product of the expectation values, so long as these expectation

values do not vanish in the first place. The arguments of planarity, or more precisely, that

many of the simplest excitations in such systems give rise to an approximately free theory,



Trying to fit; very high quality for BMN

0 200 400 600 800 1000 1200 1400

1

2

3

4

5

P (!) ' exp(��
p

a2 + !2
)

Fit near zero?



Power spectrum again: BMN

500 1000 1500 2000 2500 3000
10-7

10-5

0.001

0.1

10

1000

Tr(XX),Tr(XY ),Tr(Y Y )

Deformation adds peaks from mixing between
modes with different symmetry.



Visualizations: how do we see extra dimensions?



Typical idea of matrix models: add eigenvalue.

One can always make the matrices bigger.



Typical idea of matrix models: add eigenvalue.

One can always make the matrices bigger.
By one (add probe)



Typical idea of matrix models: add eigenvalue.

One can always make the matrices bigger.
By one (add probe)

By direct sum. 
Ask about the degrees of freedom connecting the one 

to the rest.



Typical idea of matrix models: add eigenvalue.

One can always make the matrices bigger.
By one (add probe)

By direct sum. 
Ask about the degrees of freedom connecting the one 

to the rest.
�

X �
�† x

⇥



Fermion mass matrix

�

i

(Xi � xi)⇥ �i

What matters is the spectrum of this one matrix 
(provided by dynamics)

d(X,x) � (min(Abs( Eigenvalues)))

defines a spectral Distance:

D.B. + E. Dzienkowski arXiv:1204.2788



A 2D slice colored by spectral distance (21x21 
matrices). Along X0X1 plane.

d(X,x) = Min(Abs(Eigenvalues (Hfer)))

the movie (Fermovlon.mov // 38 mb) 
need to be downloaded separately



High- definition
graph shows a lot of zero 
distance surfaces: ridges

brane-antibrane polarization.



The Onion

This is a slice of a  true onion: 
not computer generated.

This is the image we get of the “inside the black 
hole”



Emergent CFT?



Looking inside the black hole

Look at spectral density of fermionic modes of probe:
defines a notion of dimension

⇢(�) ' �d D = d+ 1



Numerically, the natural notion of 
dimension inside a BH is 2 (1+1) and 

spectrum goes all the way to zero (no gap)

-4 -2 2 4 x

-5

5

EigenvaluesHeff

Emergent  2D CFT?

Just with 3x and Pauli matrices



x0 of probe

Eigenvalues of OD complete fermion Hamiltonian with 
9d gamma matrices 16x16



Eigenvalues for 16x16 matrices, for one 
value of x in center, times 9 gamma 

matrices (16x16)



Near linear spectrum is similar near zero to
the dof of a 1+1 CFT

This is a spectrum of ‘long strings’: effective
central charge goes as 1/N



Conclusions

• Fast thermalization (evidence) 

• Interesting pattern of autocorrelations when system thermalizes: chaos + 
interesting IR 

• Suggestive of spectrum of quasi-normal modes. Suggests extra hologrraphic 
radial direction.

• Emergent 1+1 CFT? (same typical density of states)


